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Abstract 
Vallejo, E., The free P-ring on one generator, Journal of Pure and Applied Algebra 86 (1993) 
95-108. 
We provide two models for the free P-ring on one generator. One is the graded ring 
S(A) = @,=, AS( ) n , w h ere AS(n) denotes the Burnside ring of the symmetric group S(n) of 
degree n. This gives an answer to a question raised by Ochoa in [Outer pletbysm, Burnside ring 
and P-rings, J. Pure Appl. Algebra 55 (1988) 173-1951. The second model is the ring of 
geometric operators on the Burnside ring functor introduced by the author in [Polynomial 
operations from Burnside rings to representation functors, J. Pure Appl. Algebra 65 (1990) 
163-1901. 
Introduction 
In this paper we provide (Theorem 1.14) two models for the free P-ring on one 
generator. This gives an answer to a question raised by Ochoa [lo, Section 51. 
Roughly speaking a p-ring is a commutative ring with unit, on which p- 
operations act. These operations were introduced by Boorman in [3, p. 1441. One 
can think of them as integral linear combinations of generalized symmetric powers 
defined on Burnside rings, see [12, 1.12 and 1.141. 
One model for the free P-ring on one generator was conjectured by Ochoa; 
namely the graded ring S(A) := @zzo AS(n), w h ere AS(n) denotes the Burnside 
ring of the symmetric group S(n) of degree n (see [4, IV, 2.211, [ll, Section 21, 
and [12, 2.41). The ring S(A) is a polynomial ring over the integers Z in infinitely 
many variables [12, 3.5-3.71. 
The other model is the ring Geom(A) of geometric operations on the Burnside 
ring functor A (also called p-operations), see [12, 5.71. 
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These constructions have their counterpart in the theory of h-rings: One model 
for the free A-ring on one generator is the graded ring S(R) = @z=, R?(n), where 
RS(n) denotes the complex representation ring of s(n). Another model is the ring 
of A-operations on the complex representation ring functor R. The free A-ring on 
one generator has been extensively studied; see for example [l], [2], [7] and [8]. 
The paper is organized in three sections. In Section 1 we state the main results: 
Theorems 1.10, 1.11 and 1.14 and Proposition 1.15. In Section 2 we consider the 
operator ring Geom(A) and prove Theorem 1.10 and Proposition 1.15. In the last 
section we consider the operator ring S(A) and prove Theorem 1.11. 
1. Main results 
We begin by fixing some notation and recalling some results. 
1.1. Burnside rings. Let G be a finite group. By a G-set we will mean a finite set 
on which G acts from the left. Disjoint union and Cartesian product turn the set of 
isomorphism classes of G-sets into a semiring A+(G). The associated Grothen- 
dieck ring A(G) is called the Burnside ring of G. Additively A(G) is freely 
generated by the homogeneous G-sets, that is, by the cosets G/H, where H runs 
through a set of representatives of the conjugacy classes of subgroups of G. For 
more details see [4] and [5]. 
1.2. Polynomial maps. They are central for this work, so we briefly review some 
of their properties. For a more complete account see [6, 5.61 and [12, 1.1-1.3 and 
3.1-3.31. 
Let M denote an additive abelian monoid and B an additive abelian group. A 
map f : M + B is called polynomial of degree 5~1, if its nth deviation [12, 1.11 
D”f : M”+’ -+ B is zero. Sums, products and compositions of polynomial maps 
(when defined) are polynomial [6, 5.61. 
Let KM denote the Grothendieck group of M. Then every polynomial map 
f : M + B extends to a unique polynomial map f” : KM -+ B of the same degree as 
f. This fact was exploited in [12], for the study of polynomial maps on Burnside 
rings. Namely if M = A+(G) and B is any abelian group, then any polynomial 
map f : A(G)+ B is determined by its values on A+(G). We will use this 
universal property of polynomial maps in the proofs of Theorems 1.10 and 1.11 
and of Proposition 1.15. 
1.3. Polynomial operations on the Burnside ring functor. In order to talk of 
operations we consider the category 3 whose objects are finite groups, and whose 
morphisms are conjugacy classes of group homomorphisms (see [12, 1.41); and 
the category %ZZ!~ of commutative rings with identity and identity preserving ring 
homomorphisms. Then we think of the Burnside ring functor A as a contravariant 
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functor 
In [12] we studied polynomial operations 77 : A+ A on the Burnside ring 
functor, that is, families of maps qG 
X”IH , 
for every finite group G and every G-set X, (see [3, p. 1361 and [12, 1.121). The 
H-power is a polynomial map of degree n, and hence it extends to a polynomial 
map P,,IH : A(G)+ A(G) of the same degree (see [12, 5.61). It is easy to check 
that the H-power is natural in G, therefore we can think of it as a polynomial 
operation P,,IH : A-+ A of degree n. 
More generally, let a = c, a,S(n)lH be a virtual S(n)-set, where the aH’s are 
integers, and the sum runs over a set of representatives of the conjugacy classes of 
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subgroups of s(n). Then there is a polynomial operation 
SP(a):A+A, 
defined by SP(a) := c H a,P,lH. This extends, in a natural way, Boorman’s 
definition [3, p. 1361 of p-operations from S(n)-sets to virtual S(n)-sets. See [12, 
1.141 for details. In the same way we define SP(a) for every non-homogeneous 
element a E S(A) = @,“=, AS(n). We call SP(a) : A+ A, for every a E S(A), a 
geometric operation (see [12, 1.141). These definitions yield a group homo- 
morphism 
SP : S(A)+ Pol(A, A) . 
Rymer [ll, Theorem 21 observed that SP is a ring homomorphism; see also [12, 
1.151. Moreover, we have the following theorem: 
1.5. Theorem [12, 5.71. The map 
SP : S(A) + Pol(A, A) 
is an injective ring homomorphism. Its image is, as abelian group, freely generated 
by the generalized symmetric powers. 0 
1.6. Definition. We will denote by Geom(A) the image of SP. This is the subring 
of Pol(A, A) consisting of all geometric operations on the Burnside ring functor. 
There is another obvious product in Pol(A, A) one can consider, namely the 
composition of operations (remember that the composition of polynomial maps is 
again polynomial). There is a product in S(A), which corresponds under SP to the 
composition of operations: 
1.7. Proposition ([ll, Theorem l] and [4, IV, 2.211). For XE A+S(r) and 
Y E A+S(t) let 
then 
SP(X* Y) = SP(X)oSP(Y) . cl 
1.8. Remarks. Using tom Dieck’s definition of the Burnside ring [4, IV, Section 
21 Rymer defines the product X * Y for any X E AS(r), Y E AS(t). However, 
since * is not additive on the second variable, it is not clear how to extend * to 
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S(A). Ochoa [lo, 4.5-4.61 shows how to extend * to S(A) (he uses the symbol v 
instead of *). We will recover Ochoa’s results using the theory of polynomial 
maps. 
1.9. Definition. [ll, Section 11. An operator ring is a commutative ring R with 
identity 1, together with a map * : R x R + R, called composition and an element 
e(# 1) of R, satisfying 
(1) (a+P)*Y=(a*Y)+(P*Y)> 
(2) ((.rP)*Y=(a*Y)(P*Y)J 
(3) (a*@)*y=a*(@*r), 
(4) e*cw=ff=a*e. 
for all (~,p,y in R. 
Observe that we have added condition e * (Y = (Y to Rymer’s definition. This is a 
natural thing to do: A model for this definition is the set of all self maps of a 
commutative ring with identity (the three operations being, of course, addition, 
multiplication and composition of self maps). Using this model e corresponds to 
the identity map and * corresponds to the composition of maps. 
The ring Pol(A, A) is an operator ring. The operation * is defined as the 
composition of operations. The element e is the family Id = 
(Id, : A(G)+ A(G)),,, of identity maps. This operation is polynomial of 
degree 1. In fact, Id is a geometric operation and we have Id = SP(pt), where 
pt E AS(l) denotes the only s(l)-set having one element. 
Our main results are the following: 
1.10. Theorem. The subring Geom(A) of Pol(A, A) is closed under composition 
of operations. Therefore Geom(A) is an operator ring. 
1.11. Theorem. The isomorphism SP : S(A)+ Geom(A) satisfies 
SP(a * 6) = SP(a) 0 SP(b) 
for all a,b E S(A). Therefore S(A) is also an operator ring, and SP is an 
isomorphism of operator rings. 
This yields a more conceptual (and shorter) proof of Theorem 4.19 in [lo]. In 
view of Theorem 1.11, we give the following definition of p-ring, which is 
equivalent to the one in [ll, Section l] and [lo, 5.11; see also [lo, 5.31. 
1.12. Definition. A P-ring is a commutative ring B with identity, together with a 
product . : Geom(A) X B+ B satisfying 
(1) (a + 7). b = (a. b) + (y . b), 
(2) (ay). b = (a . b)(r . b), 
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(3) (cxy)*b= cx.(y.b), 
(4) Id. b = 6, 
(5) i * b = 1 (1 denotes the identity in the ring B), 
for all a,y in Geom(A), b in B. 
There are some small differences between our definition of P-ring and the 
other definitions appearing in the literature. First observe that we substituted the 
operator ring S(A) from the existing definitions by the operator ring Geom(A). 
There is no logical difference in doing this. By Theorem 1.11 both are isomorphic 
as operator rings. This is more a matter of aesthetics: If B is the Burnside ring of 
a finite group, then with our definition we have geometric operations acting on B 
rather than abstract elements from S(A). Axioms 1.12( l)-1.12(3) are taken from 
[ll, p. 751 and [lo, Definition 5.11. Axiom 1.12(4) appears in [9, p. 2541 and [lo, 
Definition 5.31. Since we are working with rings with identity, it seemed natural to 
us to add axiom 1.12(5). See the proof of Theorem 1.14 for the role of axioms 
1.12(4) and 1.12(5). 
Also note that in Ochoa’s Definition 5.3 one does not require that all geometric 
operations act on B, but only operations of the form SP(X) with X an S(r)-set. It 
seems more natural to ask, as in Ochoa’s Definition 5.1, that all geometric 
operations act on B. 
1.13. Examples. (1) The product . : Geom(A) x Pol(A, A) + Pol(A, A) given by 
the correspondence (a, 7) H cy 0~ yields a P-ring structure on Pol(A, A). 
(2) The product . : Geom(A) x Geom(A)+ Geom(A) given by the corre- 
spondence (cy, 7) H a on yields a P-ring structure on Geom(A). 
(3) The product . : Geom(A) x S(A) + S(A) given by the correspondence 
(a, b) I+ SP-‘((Y) * b yields a P-ring structure on S(A). 
(4) The map SP : S(A)+ Geom(A) is an isomorphism of p-rings. 
(5) The canonical action of Geom(A) on the Burnside ring A(G) of a finite 
group G yields a p-ring structure on A(G). This answers a question left open by 
Ochoa in [lo, Section 51 (the hard work is done in Theorem 1.11). 
We do not know whether Ochoa’s Definitions 5.1 and 5.3 are equivalent, 
neither we do know whether S(A) is a free /?-ring in the sense of Definition 5.3. 
However, for our preferred definition of P-ring we have the following: 
1.14. Theorem. The P-rings Geom(A) and S(A) are models for the free P-ring on 
one generator. 
Proof. Since Geom(A) and S(A) are isomorphic p-rings, it is enough to prove 
that Geom(A) is the free P-ring generated by Id. 
Let b be an element in a P-ring B. We define a map 
(pb : Geom(A)+ B 
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by cp,(q) = 77. b. By axiom 1.12(4) we have cp,(Id) = b. The other axioms easily 
imply that (pb is a homomorphism of P-rings (observe that axiom 1.12(5) implies 
that (pb preserves the identity elements). Finally if Ic, : Geom(A)+ B is another 
P-ring homomorphism such that +(Id) = b, then (11(v) = I,!J(~ 0 Id) = q . $(Id) = 
7 . b = p,,(q). This proves the uniqueness of (pb . 0 
Rymmer [ll, Theorem 21 proved that a Burnside ring A(G) of a compact Lie 
group G is a p-ring in the sense of Ochoa’s Definition 5.3, but not in the sense of 
Ochoa’s Definition 5.1, or in the sense of our Definition 1.12. The point is that he 
proved axiom 1.12(3) only for y’s of the form SP(c) with c E AS(t). As Ochoa 
observes [lo, Section 51, it is not evident how to prove this axiom for arbitrary 
y E S(A). The same comment applies for the complex representation ring of a 
finite group (see [ll, Theorem 41). We will prove below that under mild 
assumptions it is possible to extend an action of the generalized symmetric powers 
on a ring B to an action of Geom(A) on B yielding a P-ring structure on B. 
Let T,, be a set of representatives of the conjugacy classes of subgroups of S(n), 
nr0. Let 
YLP:={P,IHInrO, HET,}. 
Note that P,/,!?(O) = i and P,IS(l) = Id. Then we have the following: 
1.15. Proposition. Let B be a commutative ring with identity. Suppose that we 
have a product 
such that 
(1) the product satisfies the axioms in Dejinition 1.12, 
(2) for each generalized symmetric power P,IH in Y?? the map B + B given by 
b I-+ (P,,lH) . b is polynomial. 
Then the product * extends in a unique way to a product 
*:Geom(A)x B+B, 
satisfying the axioms in Definition 1.12. Therefore, B is a p-ring. 
1.16. Corollary. The Burnside ring of a compact Lie group G has a p-ring 
structure induced by the geometric operations defined by Rymer in [ 11, Section 31. 
Proof. That Proposition 1.15( 1) holds, follows from Theorem 2 in [ll]. One 
proves that the generalized symmetric powers are polynomial in the same way one 
proves that PW, is polynomial in Lemma 3.2. 0 
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1.17. Corollary. The complex representation ring R(G) of a finite group G has a 
P-ring structure induced by the generalized symmetric powers VH V@“IH, where V 
is a G-module and H c S(n) is a permutation group. 0 
2. Geom(A) as an operator ring 
This section is devoted to proving Theorem 1.10 and Proposition 1.15. 
Let Z,n be positive integers, let m, , . . . , m, be non-negative integers, and let 
HCS(Z), K,cS(mj), 151- ‘< n, be permutation groups. We begin by describing 
the composition 
(Z’,IH)+‘,,/K, +. * * + P,JK,) 
as a sum of generalized symmetric powers (Proposition 2.1). In order to describe 
this sum we need some notation. 
Let X := (1,. . . , n} and let R,,, := {(i,, . . . , il) E .NAr’ 1 i, 5 i, 5.. .S il}. The 
symmetric group S(1) acts on X’ by permuting its coordinates, and each S(Z)-orbit 
of .M’ has exactly one element in R,,,. The isotropy group of any u E K’ is 
S(7rU) := S(t,) x . . . x ,S(t,), where 7~” = (t,, . . . , t,) and t, is the number of j’s 
occurring in u, for 1 5 j 5 n. 
Let u E R,,,. If we restrict the action of S(I) on K’ to H, then the S(j)-orbit of u 
splits into H-orbits. We choose, once and for all, representatives w”,~, . . . , w,,,(~) 
of the H-orbits, and denote by H(u, j) the H-isotropy group of w”,,, for 
15 j I r(u). Thus we have the following isomorphisms of H-sets, 
r(u) r(u) 
A-‘~ u u O,(W,,~)= u jj HIH(u, i) , (1) 
uER,,, j=l uER,,, j=l 
where OH(w,,j) denotes the H-orbit of w,,~. 
Given a representative w,,~ = (k,, . . . , k,), we define K(w,,~) := Kk, X . . . X 
K,,. Since H(u, j) is the isotropy group of w,,~, H(u, j) acts on K(w,,~) by 
permuting some factors in such a way that, the semidirect product K(w,,~) M 
H(u, j) is well defined. This is a subgroup of a Cartesian product of wreath 
products: Note that H(u, j) is subconjugate to S(%-,) = S(t,) X . . * X S(t,) and 
that K(w,,,) has t, factors equal to K,. Therefore, K(w,,~) A H(u, j) is subconju- 
gate to K,[S(t,)X..- x K, 1 S(t,). This last group is a subgroup of S(1,), where 
1, := t,m, +. . . + t,,m,,. Observe that I, = mk, + . . . + mk . I 
2.1. Proposition. The following identity holds in Geom(A): 
(P,IH)~(P,,IK, +. . . + P,,lK,) 
= C C f’/,!(K(Wo,j) wff(u, i)) . 
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Proof. Let G be a finite group and let X E A+(G). We will prove that both sides 
of the identity, when applied to X, yield the same element in A(G). From this the 
claim follows, since, for each G, we can think of both sides as polynomial maps 
on A(G), see 1.2. 
For a simpler notation let Xi : = XmzIKi, for 15 i 5 n. Also for w = 
(k,, . . . , k,) E .N’, let X(w) := Xk, x . . . X X,!. According to (l), we have the 
following isomorphism of G-sets: 
(X, Lf. . . LI XJlH = JJ u X(W”,,) /H(v, j) . (2) 
vER,,, j=l 
For each representative w,,~, we have X(W,,~) zXX’uIK(wU,,) as G-sets. Re- 
member that I, = mk, + . . . + mk,. Therefore, 
X(W,,~)/H(U, j) s XLulK(w”,j) xl ff(‘, i) (3) 
as G-sets. Combining (2) and (3) we obtain the desired identity. •i 
For 77 E Geom(A) of degree sn let C, : Geom(A) -+ Pol(A, A) be defined by 
C,( <) : = 7 0 5. We have the following lemma: 
2.2. Lemma. C, is a polynomial map of degree sn. 
Proof. Let 11, . . . , &+, E Geom(A). We have to prove that the nth deviation 
(1.2) DnCI)(&,. . . > &+r) = 0 in Pol(A, A). S ince the left side is a polynomial 
operation, it is enough to prove that it vanishes on G-sets, for all finite groups G. 
Let XE A+(G); then by definition of D”, 
= 2 (-l)“+‘+q” c 5; (X) 
Ic(l,...,n+l) ( 1 iE1 
The last term is 0, because n has degree rn. The claim follows. q 
2.3. Proof of Theorem 1.10. As abelian group Geom(A) is freely generated by 
the set 99’ of generalized symmetric powers, see [12, 5.71. Let n E 9’Y. Then it 
follows from Proposition 2.1, that C, maps the abelian submonoid of Geom(A) 
generated by Y?Y into Geom(A). Now the fact that C,, is a polynomial map 
implies that C,(Geom(A)) c Geom(A). Since C,,+,,2 = C,,, + C,, for all 7, ,q2 E 
Geom(A), the claim follows. 0 
2.4. Proof of Proposition 1.15. Since Geom(A) is, as abelian group, freely 
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generated by the set 99, we can additively extend the product . to a product 
.:Geom(A)xB+B. 
It follows immediately that this new product satisfies the axioms 1.12(l), 
1.12(2), 1.12(4) and 1.12(5). In order to check axiom 1.12(3) we consider for 
(Y E Geom(A), b E B the following maps: 
C, : Geom(A)+ Geom(A) , defined by C,(y) := (Y 0 y ; 
/_L~:B-B, defined by PO(b):= a. b ; 
u,, : Geom(A)-+ B , defined by q,(l) := i. b. 
As in Lemma 2.2, C, is a polynomial map. Since cy is an integral linear 
combination of generalized symmetric powers, it follows from the hypothesis 
(1.15(2)) that p”, is an integral linear combination of polynomial maps from B to 
B; thus p4 is a polynomial map. Finally, v,, is an additive map. Let 
f := UbOCa : Geom( A) + B , g:=p.,ov,:Geom(A)-+B. 
It follows easily from the hypothesis (1.15(l)) that f and g coincide on Z??. 
Since f and g are polynomial maps, they must coincide on Geom(A). Thus 1.12(3) 
holds. 0 
3. S(A) as an operator ring 
In this section we prove Theorem 1.11. We first recall some facts about 
Burnside rings. Then, using polynomial maps, we give Ochoa’s definition of the 
composition *. 
3.1. Known facts and notation. (1) Each group homomorphism f : G+ K turns 
K-sets into G-sets, defining in this way a ring homomorphism f * : A(K)+ A(G). 
(2) For each subgroup H of G and each H-set X, the correspondence 
XH G x,, X defines a group homomorphism Indz : A(H)+ A(G) called in- 
duction. 
(3) Given groups G,K, the exterior product x : A(G) x A(K)-+A(G X K) is 
defined on sets by the correspondence (X, Y) H X x Y; here G X K acts on the 
Cartesian product XX Y by (g, k)(x, y) := (gx, ky) for g E G, k E K, x E X, 
y E Y. If a,b E A(G), we will denote their product in A(G) by a - b. 
(4) If Y is a G-set, the wreath product G Is(t) of G with S(t) acts on the t-fold 
Cartesian product Y’ of Y, by 
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(gl,. . . ) g,; a)(y,, . . . , y,>:= (&Yu-ylp~ . . ’ grYv-'@J ’ 
where g,, . . . , g,EG, @ES(~) andy, ,... ,y,EY. 
3.2. Lemma. The correspondence Y I+ Y’ defines a polynomial map 
PW, : A(G)+ A(G t S(t)) 
of degree t. 
Proof. We first prove that the tth deviation D’(PW,), vanishes on A+(G). Let 
Xl,..., X,, 1 E A+(G). By definition one has 
ZqPW,)(X,, . . . , Xc+,) = c (-1) ~+l-~l~Pw@ XJ . (4) 
IC{l, . . ..+I} iEI 
Each W(hJA with I # 0, is a sum of monomials on the Xi’s of degree t. 
Foreachu=(j,,..., j,) E (1, . . . , t + l}’ let M(u) := X,, X . . . x X,,. For the 
purpose of counting monomials we will consider M(u) # M(u) if and only if u # u, 
for U,U E (1, . . . , t + l}‘. Let Z C { 1, . , t + l}. Then M(u) occurs exactly once 
in PW,(CiE, X,) if and only if u E I’. Let J be the set of all different coordinates 
in u, and let j : = IJI, the number of elements in J. Observe that 1~ j 5 t. Then 
M(u) occurs in (4), taking sign into account, exactly 
t+1-, 
times. Here the first sum runs over all sets Z such that J c I C { 1, . . . , t + l}. 
Thus D’(PW,) : A+(G)‘+’ + A(G 1 S(t)) is identically zero, which implies that the 
map PW, : A’(G)+ A(G t S(t)) is polynomial of degree St. Therefore, PW, 
extends to a polynomial map PW, : A(G)+ A(G 2 S(t)) of degree St. In fact, 
since for X= point E A’(G), D’-‘(PW,)(X, . , X) = t!X # 0, we have that PW, 
has precisely degree t. 0 
As Ochoa remarks [lo, 4.21, PW, can be defined on A(G) using a method of 
Hoffman [7]. However, since we need the fact that PW, is polynomial, we have 
included Lemma 3.2 here. 
3.3. Lemma. Let G, , . . . , G, be finite groups, and let 7~ = (tl, . . . , t,) be an 
n-tuple of non-negative integers with I:= t, + . . . + t,. Then the map 
defined by PW(rr)(y,, . . . , y,) := PW,,( y,) X . . . X PWJ y,) is polynomial of 
degree 11. Here x denotes the exterior product, see 3.1(3). 
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Proof. PW(z-) is a product of polynomial maps: 
Pj : fi G, J s(t;) -+ G, 1 S(rj) and rj : fi A(G,)+ A(G,) 
i=l i=l 
Let 
denote the projections onto the jth factor. Then the composition 
c, . . Py oPW,,o nj : fi A(G,)+ A( fi G, 1 S(t,)) 
i=l i=l 
is polynomial of degree t,, 15 i 5 II. This follows from Lemma 3.2 and the fact 
that PT and 7rj are additive. Finally, PW(rr) is the product of the cj’s, thus 
polynomial of degree at most 1. 0 
3.4. Definition. We will use the same notation as at the beginning of Section 2: 
Let l,n be positive integers, and let m,, . . , m, be non-negative integers. Let 
5r = (tl, . . . , t,,) be an n-tuple of non-negative integers with 1= t, + . . . + t,, let 
S(m, T) := fl:=, S(m,) 1 S(t,), and Z(m, 7~) := m,t, + . . * + mntn. Finally, let R(rr) 
denote the composition 
S(m, 7-r)= fi S(m,) 1 S(t,)+ fi S(t,)-+ S(I), 
i=l i=l 
where the first map is the product of the canonical projections S(mi) l S(t,)+ S(ti) 
and the second map is the canonical inclusion S(t,) x . . . x S(t,) C S(l). With this 
data we define a map 
J’(m) : AS(l) @ (9 AS(mj)) -+ AS(l(m, r)) 
bY 
P(r)(w, y,, . . . , y,) = Ind~~~;“(R(~)*(w)-PW(~)(y,, . . . , Y,)) , 
for wE AS(I), yi E AS(m,), 15 isrz ( see 3.1 for the notation). Now the 
composition * is defined by 
w*(y, +.. . + Y,) := c P(r)(w, Y,, . . . > Y,) E S(A) > (5) 
?T 
where v runs over all n-tuples (tl, . . . , t,) of non-negative integers such that 
t, +. . . + t, = 1. 
3.5. Remarks. (1) The preceding definition is given in [lo, 2.1 and 4.51. In fact 
this composition is defined so that (6) below holds. 
(2) Since * is linear on w (as long as w E AS(l)), it is natural to extend * (on 
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the first variable) linearly to -S(A). It will follow from Theorem 1.11 that S(A) 
with the composition * is an operator ring. 
(3) If we fix w E AS(Z), the map d$=, AS(m,)+ S(A) given by the corre- 
spondence (yl,. . . ,y,,)~w*(yi,. . , , y,) is polynomial of degree 51. This 
follows from Lemma 3.3, the additivity of the induction, and the fact that 
multiplying by a fixed element in a ring yields an additive map. 
3.6. Proof of Theorem 1.11. Since SP is additive and both * and 0 are additive on 
the first variable, it is enough to prove that 
SP(W*(y, + . . *+Y,))=SP(VoP(Y,)+~~*+SP(Y,)) 
for WE A+S(Z), yi E AS(m;), 1 - - -Z L < n. And since, by Lemma 2.2 and Remark 
3.5(3), both * and 0 are polynomial of degree ~1 on the second variable (if 
W E AS(l)), it is enough to prove that 
SP(W*(Y, + . . . + Y,)) = SP(W)o(SP(Y,) +. . . + SP(Y,)) (6) 
for W E AfS(l), Y, E AfS(mi), 1s i 5 II. 
Let G be a finite group, and let X E A+(G). We evaluate both sides of (6) on 
X. On the one hand, 
SP( w* (Y, + . . . + Y,))(X) 
= c sP(s(r(m, 77)) X,(,,,) (W x Y:l x . . . x Y:))(x) 
vr=(f,....,fn) 
= c (S(Z(m, Tr)) x,(m,,,(w x Y:l x . . . x Yk)) 
rr=(t,,...,t,) 
xw(~,~)) 
I(m,+Tl x > 
where rr runs as in (5). On the other hand, 
SP(W)o(SP(Y,) +.**+SP(Y,))(X) 
= w X,(,) [Y, Xs(m,)Xm' + ... + Y, x,(m,,xmq' 
= c w X,(JY, Xs(m*)Xmy x . . . 
7r=(f,,....rn) 
x (Y, Xqm,) XrnnPl 3 
where r runs as in (5) and S(m) = s(t,) x . . . x S(t,). Now, for each r = 
(t,, . . . , t,), there is an isomorphism of G-sets 
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(S(Z(m, 37)) Xqm,=) (W x y:l x . . . x cd) XS(,(,,7r)) xl(m,w) 
= w x,(r) [ Yl X,(,,) X”’ + . . . + y, X,(,,) xmnl . 
The proof of this isomorphism is similar to the one at the end of Section 3 in 
[ll]. From this (6) follows. Cl 
3.7. Remark. We could have used (6) instead of Proposition 2.1 in the proof of 
Theorem 1.10. However, we decided to include Proposition 2.1 because of its 
interest in itself. Note that there is a bijection between R,,, and the set of all 
n-tuples 9-r = (ti, . . . , t,) of non-negative integers with t, + . . . + t, = 1. The 
bijection is given by the correspondence u * r”. Here the notation is that of 
Section 2. For w = S(Z)lH and yi = S(m,)IK,, 15 i 5 n, this bijection relates (5) 
and the identity of Proposition 2.1. 
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